differential equation backward pdrdbolic and inherently unstable; in fact, (1.5) is then the backward heat-equation, since oc<O. One can exclude the unstable angles by inserting corners in the crystal [AG] ; this leads to facets and wrinklings, and to a free-boundary problem since the positions of the corners vary with time.
To analyze behavior within the unstable range of angles a regularization of the underlying equations is needed.
Such a regularization, proposed in [AG] , has the form a(8)V = g(8)K -F -e(K ss + JK 3 ) (s = arc length) (1.7) with e>0 small, and leads to a fourth-order pdrdbolic equation for the evolution of the interface. The angle-intervals in which g(8)<0 are very much like the spinodals encountered in the Korteweg-Cahn-Hilliard theory of phase transitions (cf., e.g., [Ca] ), and we refer to such intervals as interfacidl spinodals. When linearized about a flat interface at angle 8 = TT/2, (1.7) has the form u t = ocu xx -Su xxxx ^ 6 j with (x = g(iT/2)/a(iT/2), 6 = s/a(iT/2); and <x<0 when 6 = TT/2 lies in a spinodal. The relation (1.6) is the linear equation used by Cahn [Ca] in his treatment of spinodal decomposition. The main purpose of this paper is to present a derivation of (1.7). The chief ingredient is a constitutive dependence of interfacial energy on curvature, an idea that traces back to Gibbs [Gi] and Herring [He] . A curvature-dependent energy requires interfacial couples and a corresponding balance law for torques, a possibility not encompassed within the framework of [G1.G2.AG].
We begin with a discussion of force and moment balances for evolving interfacial curves. We next introduce an inequality that represents a mechanical version of the second law, and use this inequality to deduce suitable constitutive relations for the interface. The resulting constitutive equations and the force and torque balances together yield the evolution equation (1.7). Finally, we discuss the simularities between the theory based on (1.7) and Cahn's theory of spinodal decomposition.
Grains.
We consider a planar theory in which a grain Q is a region in IR 2 with boundary dQ the interface between the grain and its ancillary phase. We assume that dQ is a smooth curve, we write n(x) for the outward unit normal to dQ at x, and we define a unit tangent -t(x), the direction of increasing arc length s, so that {<Kx),n(x)} is a positively oriented basis of IR 2 . We then have the Frenet formulae n s = -Kl, l s = Kn, (2.1) with K(x) the curvature of dQ. We define the angle 8(x), as a smooth function of x, through n = (cos8,sin8), I = (sin8,-cos8);
We consider grains Q(t) that evolve with time t, under the assumption that dQ(t) is a smoothly evolving curve (in the sense of [AG] ). We write V(x,t) for the normal velocity of dQ(t) in the direction n(x,t). Let V(x,t) = V(x,t)n(x,t). Fix t and xedQU) and (for T sufficiently close to t) let y(T) denote the curve that passes through x at time t and has dy(T)/dt = V(y(T),x). By an interfdcidl subcurve we mean a smoothly evolving curve t(t) with ^(t)cdQ(t) at each time t.
Let t(t) be an interfacial subcurve; let x t (t) and x 2 (t) denote the initial and terminal points of t(t); let v,(t) and v 2 (t) denote the corresponding endpoint velocities 
Equation (2.11)., is a direct consequence of (2.10).,; (2.11) 2 follows from (2.2O) v (2.32), and (2.34) of [AG] ; (2.11) 3 follows from (2.5) v (2.9), and (2.11)^ (2.11) lf is a consequence of (2.5) 3 and (2.9) 2 .
Mechanics. Balance of forces and torques.
We consider a theory in which the mechanics of an evolving grain Q(t) is described by four functions of X€dQ(t) and time t:
body force, m(x,t) body couple.
C(x,t)
and M(x,t) represent the force and couple within the interface exerted across x at time t, while b(x,t) and m(x,t) represent the force and couple exerted on the interface by the bulk material of the grain and its ancillary phase.
We decompose the surface stress into normal and tangential components, C = at + |n, (3 We characterize forces and couples by the manner in which they expend power. Consider an arbitrary interfacial subcurve >v(t). Since C and M act on the endpoints of n.(t), we assume that C expends power over the endpoint velocities, while M expends power over the rotation rate of the interface following the endpoints. On the other hand, since b and m act along the length of t(t), we assume that b expends power over the normal velocity V of the interface, while m expends power over the rotation rate 6° following the interface. The power expended on t(t) is therefore given by
and, in view of (2.11) 3H , (3.4) 2 , and (3.5), has the alternative form
The term MK° represents power expended in bending the interface, while -(ff+MK)KV represents power expended in creating new interface.
Here, interestingly, both the surface tension and the interfacial couple-stress work to create new surface. The final term (cr+ MK)<l-v dn> compensates for the tangential motion of the interface.
Combining (3.4) 2 and (3.5), we arrive at the basic balance law of our theory: M ss + m s -(TK -IT = 0.
(3.8)
Energetics. The dissipation Inequality.
We associate with each interfacial motion two energies:
f(x,t), defined for xedQCt), represents the energy of the interface per unit length; F, measured per unit area and assumed constant, is the bulk energy of the grain minus that of the ancillary phase. Let R be a fixed region of space and let ft(t) := Q(t)riR, n,(t n, and, since F is constant, we may use (2.11) (3.1), and the identity of (3.6) and (3.7) to write (4.1) in the form J{f° -MK° + mB° + (cr + MK-f)KV + (TT + F)V}ds + n.
Ĵ < o. (4.3)
This inequality must hold for all regions R, or equivalently, for all interfacial subcurves t(\). By arbitrarily varying the endpoints of n.(t) we can arbitrarly vary the term <tv da without affecting the other terms in (4.3); thus 11 f = cr + MK, (4.4) and interfacial energy is generally not equal to surface tension alone: there is an additional term to account for interfacial bending. 
Constitutive equations.
As constitutive equations we allow the interfacial energy, the interfacial couple-stress, the body couple, and the normal interaction to depend on the orientation of the interface through a dependence on the angle 8, on the "bending" of the interface through a dependence on the curvature K, and on the kinetics of the interface through a dependence on the normal velocity V. Given an evolving grain Q(t), the constitutive equations (5.1) may be used to compute a corresponding constitutive process. A basic hypothesis 13 of our theory is that constitutive processes be consistent with the locdi dissipation inequality (4.5). This assumption has important consequences. In view of (5.3) and (5.4), the left side of (4.5) is -aV 2 , which identifies this quantity as the sole rate of energy dissipation; indeed, tracing backwards the argument leading to (4.5), we find that -|aV 2 ds (5.5)
represents the left side of (4.1) minus the right. Further, if we take R in this difference to be a region containing Q(t) in its interior, so that ft(t)-Q(t) and n,(t) = 3Q(t), then, in view of (4.2), we are led to the global growth relation:
(d/dt){)fds + Farea(Q(t))} = -JaV 2 ds < 0, (5.6) dQ so that the total energy is a Lyapunov function for interfacial evolution.
Evolution equations for the Interface.
The evolution equations of the theory are: 
